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Abstrat
The photon vauum polarization eet in urved spaetime leads to birefringene,
i.e. the photon veloity beomes c±δc depending on its polarization. This veloity
shift then results in modied photon trajetories. We nd that photon trajetories
are shifted by equal and opposite amounts for the two photon polarizations, as
expeted by the sum rule [5℄. Therefore, the ritial irular orbit at u = 1/3M in
Shwarzshild spaetime, is split depending on polarization as u = 1/3M ±Aδ(M)
(to rst order in A), where A is a onstant found to be ∼ 10−32 for a solar mass
blakhole. Then using general quantum modied trajetory equations we nd
that photons projeted into the blakhole for a ritial impat parameter tend
to the ritial orbit assoiated with that polarization. We then use an impat
parameter that is lower than the ritial one. In this ase the photons tend to
the event horizon in oordinate time, and aording to the ane parameter the
photons fall into the singularity. This means even with the quantum orretions the
event horizon behaves in the lassi way, as expeted from the horizon theorem [5℄.
We also onstrut a quantum modied Shwarzshild metri, whih enompasses
the quantum polarization orretions. This is then used to derive the photons
general quantum modied equations of motion, as before. When this modied
metri is used with wave vetors for radially projeted photons we obtain the
lassi equations of motion, as expeted, as radial veloities are not modied by
the quantum polarization orretion.
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Chapter 1
Introdution
1.1 General Relativity
Sine the birth of speial relativity, in 1905, the nature of spae and time has
been demoted to a relative entity, known as spaetime, whih is strethed and
ontrated depending on an observer's frame of referene, while the speed of
light, c, has taken the pedestal of an absolute and universal speed limit,
unaeted by any transformation of referene frame. From this emerged a
generalized theory of relativity, whih portrayed the gravitational eld in a
new and revolutionary way: where it didn't depend on a propagating eld
but on the nature of spaetime itself. In this view matter (or energy) is
said to urve and modify the surrounding spaetime, this then results in
photons and partiles traing out shortest paths between two points, known
as geodesis. Therefore, gravitational fores beome a manifestation of the
urved spaetime due to the presene of matter [4, 3℄. In this general rela-
tivisti framework spaetime is desribed by the metri gµν and the motion
1
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of partiles are desribed by the interval equation:
k2 = gµνk
µkν ⇒
> 0 Time-like (c < 1)
= 0 Light-like (c = 0)
< 0 Spae-like (c > 1)
(1.1)
where kµ = dx
µ
dτ
1
. For at spaetime or a loal inertial frame (LIF), where
gµν is replaed by the diagonal Minkowski metri ηµν = (1,−1,−1,−1), the
interval equation beomes:
k2 = ηµνk
µkν =
dt
dτ
2
− dx
dτ
2
− dy
dτ
2
− dz
dτ
2
(1.2)
for c = 1. Apart from resolving the problems assoiated with Newtonian me-
hanis, suh as desribing the perihelion advane of Merury, the strongest
aspet of general relativity was its preditive power. One of its most radial
laims, and the building bloks of the theory itself, was that gravitational
elds aet radiation, whih was then onrmed through the observation
of starlight deetion by the sun. From this emerged some profound and
fantasti possibilities suh as blak holes and gravitational lensing. The
gravitational eet on light rays also leads to the possibility that photons
ould follow stable orbits around stars (disussed in hapter 2), and it's this
possibility in whih we will be interested.
1.2 QED in a Curved Spaetime
Even though photon trajetories are modied in a urved spaetime, and the
resulting urved paths are desribed by general relativity, this bending of
light was, for a long time, onsidered to have no eet on the veloity of the
photon. This view shifted slightly when, in 1980, Drummond and Hathrell[1℄
1
For photons this beomes kµ = dx
µ
dλ
, written in terms of the ane parameter λ
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Figure 1.1: First order, α, vauum polarization Feynman diagram ontribut-
ing to the photon propagator
proposed that a photon propagating in a urved spaetime may, depending on
its diretion and polarization, travel with a veloity that exeeds the normal
speed of light c. This hange in veloity would then result in trajetories
other then the ones desribed by "lassial" general relativity. This eet is
simply desribed as a modiation of the light one in a LIF:
k2 = ηµνk
µkν = 0 → (ηµν + ασµν(R))kµkν (1.3)
Where α is the ne struture onstant and σµν(R) is a modiation to the
metri that depends on the Riemann urvature at the origin of the LIF. This
orretion is seen to arise from photon vauum polarizations in a urved
spae time, Fig. 1.1. Qualitatively it an be thought of as a photon splitting
into a virtual e+e− pair, so at the quantum level it is haraterized by the
Compton wavelength λc; then, when this quantum loud of size O(λc) passes
through a urved spaetime its motion would be aeted dierently to that
desribed by general relativity, possibly in a polarization-dependent way [5℄.
This eet of vauum polarization is onsidered through the eetive
ation:
S = S1 + S2 (1.4)
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where S1 is the Maxwell eletromagneti ation in urved spae time:
S1 = −1
4
∫
d4x
√−gFµνF µν
Fµν = ∂µAν − ∂νAµ (1.5)
and S2 is the part of the ation that inorporates the eets of virtual eletron
loops in a bakground gravitational eld. As we are only onerned with
the propagation of individual photons it must be quadrati in Aµ, and the
onstraint of gauge invariane then implies that it must depend on Fµν rather
than Aµ. Also, as the virtual loops give the photon a size of λc, S2 an be
expanded in powers of λ2c = m
−2
, thus the lowest term in the expansion
would be of order m−2, whih is the term orresponding to one eletron loop.
With these onstraints there are only four independent gauge invariant terms,
whih an be hosen to be:
S2 =
1
m2
∫
d4x
√−g(aRFµνF µν + bRµνF µσF νσ
+ cRµνστF
µνF στ + dDµF
µνDσF
σ
ν ) (1.6)
The rst three terms represent a diret oupling of the eletromagneti eld
to the urvature, and they vanish in at-spaetime. The fourth, however,
is also appliable in the ase of at-spaetime, and represents o-mass-shell
eets in the vauum polarization. In [1℄ the values for a, b, c, and d have
been determined to O(e2). The onstant d is obtained by omparing the
oeient of the renormalized at-spaetime photon propagator assoiated
with the Feynman diagram in Fig. 1.1
2
to the result of the same order given
2
The photon propogator with the vauum polarization in at-spaetime is given (in the
Feynman gauge) by:
ηµν
q2
→ ηµν
q2
+ 1
q4
Iµν , where Iµν = (ηµνq
2 − qµqν)(1 − e
2
60pi2
q2
m2
e
+ . . .)
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by the eetive ation S; and a, b, and c are obtained by omparing the
oeients of the oupling of a graviton to two photons
3
to the same result
obtained from S2. In this way the onstants are given as:
a = − 5
720
α
pi
b =
26
720
α
pi
c = − 2
720
α
pi
d = − 24
720
α
pi
(1.7)
Then, as the equations of motion for the eletromagneti eld are given by:
δS
δAµ(x)
= 0 (1.8)
using the modied ation (1.4) we nd:
DµF
µν +
δS2
δAµ
= 0 (1.9)
From this we an see that DµF
µν
is of O(e2), therefore, the term with oef-
ient d in Eqn. (1.6) will be of O(e4), hene we an omit it from the nal
equation of motion. In this way we nd [7℄:
DµF
µν − 1
m2e
[2bRµλD
µF λν + 4cgντRµτλρD
µF λρ] = 0 (1.10)
whih is the Maxwell equation in urved spaetime, inorporating the ou-
pling of urvature with vauum polarization eets. Using this modied
Maxwell equation and the methods of geometri optis (desribed in Chap-
ter 3) it is possible to derive the quantum modied light one and geodesi
equations. Then, using these, we are able to determine the quantum modied
trajetories in urved spaetime.
3
Dedued from the matrix element < γ(q2, β)T
µνγ(q1, α) >, where T
µν
is the energy
momentum tensor, [1℄
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1.3 The Equivalene Priniple and Causality
The equivalene priniple exists in two forms: weak and strong. The weak
equivalene priniple states that at eah point in spaetime there exists a loal
Minkowski frame, whih is a fundamental requirement of general relativity
4
.
The strong equivalene priniple (SEP), on the other hand, states that the
laws of physis are the same in all LIFs at dierent points in spaetime,
and at the origin of eah LIF they take the speial relativisti form. Then
the oupling of urvature to the eletromagneti eld in the eetive ation,
Eqn. (1.4), is a violation of the SEP. Due too this violation of the SEP, QED
in urved spaetime remains a ausal theory - despite the modiation to the
physial light one.
This an be seen more learly by onsidering Global Lorentz invariane
5
(GLI), whih is the speial relativisti equivalent of the SEP. In speial rela-
tivity GLI states that faster than light signals automatially imply the pos-
sibility of unaeptable losed-time-loops, Fig. 1.2. That is, if you an send
a signal bakwards in time in one frame, then it should be possible in any
frame. However, if you break this GLI, a signal bakwards in time in one
frame does not automatially imply you an send a signal bakwards in time
from any frame. Therefore, in the ase of QED in urved spaetime, due to
the breakdown of the SEP we retain the fundamental property of ausality:
faster than light signals an be seen to go bakwards in time in a ertain
frame, but this no longer implies that you an send a signal bakwards in
4
This implies that general relativity is formulated on a Riemannian manifold
5
Global Lorentz invariane states that the laws of physis are the same in all inertial
frames.
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Figure 1.2: An unaeptable losed-time-loop.
time from any frame. Thus, in this ase, spaelike motion does not neessarily
imply a ausality violation
6
.
1.4 Critial Stable Orbits
One of the simplest urved spaetimes is the (Rii-at) Shwarzshild spae-
time, whih desribes the spherially symmetri geometry outside a star. The
geometry of suh a spaetime struture is given by the line interval:
ds2 = (1− 2M
r
)dt2 − (1− 2M
r
)−1dr2 − r2dθ2 − (r2 sin2 θ)dφ2 (1.11)
In this spaetime the equations of motion, derived for k2 = 0, have a speial
solution for null geodesis. This solution desribes a light ray in a irular
6
Further disussion of ausality is given in [10℄
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orbit with a radius r = 3M and an assoiated ritial impat parameter.
Therefore, a photon projeted from r →∞ with the ritial parameter tends
to the stable irular orbit by spiralling around it. But, in the ontext of
vauum polarization eets, we may derive the null equation of motion us-
ing the quantum modied Maxwell equation. In this way the orbit equation
should give us stable irular orbits that are dependent on the photon polar-
ization, i.e. splitting the irular orbit depending on polarization. Therefore,
a photon oming in from r →∞, with a partiular polarization and impat
parameter, should tend to its assoiated ritial stable orbit by spiralling
around it in the lassi way.
Chapter 2
Null Dynamis in Shwarzshild
Spaetime
In this hapter we will give a brief overview of null dynamis in Shwarzshild
spaetime. Starting with the geodesi equations and the line interval for pho-
tons we will derive the orbit equation, whih will then be used to determine
the ritial stable orbit for photons and the assoiated impat parameter.
We will then go on to show that dereasing the impat parameter, from the
ritial value, auses the photon trajetory, given as a funtion of φ, to spiral
into the singularity, but as a funtion of t it tends to the event horizon. The
main aim of this hapter is to familiarise ourselves with the lassial solutions
of photon trajetories in Shwarzshild spaetime, so we an then ompare
the equivalent results for the quantum modied ase.
2.1 Equations of Motion
When we onsider motion in a plane, where θ = pi
2
and θ˙ = θ¨ = 0, the
geodesi equations for Shwarzshild spaetime, (A.10)-(A.13), an written
9
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as:
(1− 2M
r
)t¨+
2M
r2
r˙t˙ = 0 (2.1)
M
r2
t˙2 − rφ˙2 + (1− 2M
r
)−1r¨ − M
r2
(1− 2M
r
)−2r˙2 = 0 (2.2)
2rr˙φ˙+ r2φ¨ = 0 (2.3)
And the spaetime line interval beomes:
(1− 2M
r
)t˙2 − (1− 2M
r
)−1r˙2 − r2φ˙2 = K (2.4)
where K = 0 for photons and ±1 for spae-like or time-like motion. Now,
to derive the orbit equation
du
dφ
we use Eqns. (2.1), (2.3) and the interval
equation (2.4), in the simplied form:
0 = t¨ +
2M
r2
(1− 2M
r
)−1r˙t˙ (2.5)
0 = φ¨+
2r˙
r
φ˙ (2.6)
K(1− 2M
r
) = −r˙2 + (1− 2M
r
)2t˙2 − r2(1− 2M
r
)φ˙2 (2.7)
In order to speify photon trajetories we an set K = 0 at anytime, however,
then τ would be interpreted as an ane parameter and not proper time. To
proeed we divide (2.5) by
dt
dτ
and (2.6) by
dφ
dτ
:
0 =
t¨
t˙
+
2M
r2
(1− 2M
r
)−1r˙ (2.8)
0 =
φ¨
φ˙
+
2r˙
r
(2.9)
These an written as:
0 =
d
dτ
(ln t˙+ ln(1− 2M
r
)) (2.10)
0 =
d
dτ
(ln φ˙+
2r˙
r
) (2.11)
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Then, solving these we have:
t˙ = (1− 2M
r
)−1E (2.12)
φ˙ =
J
r2
(2.13)
Where E and J are onstants of integration denoting total energy and an-
gular momentum about an axis normal to the plane θ = pi/2. Now, using
Eqns. (2.12) and (2.13) to substitute for t˙ and φ˙ in Eqn (2.7) and rearranging,
we have:
r˙2 + r2(1− 2M
r
)
J2
r4
+K(1− 2M
r
) = (1− 2M
r
)2(1− 2M
r
)−1E2 (2.14)
Rearranging and simplifying, this beomes:
(
dr
dτ
)2 + (1− 2M
r
)(K +
J2
r2
) = E2 (2.15)
(
dr
dτ
) = E[1− (1− 2M
r
)(
K
E2
+
J2
E2r2
)]
1
2
(2.16)
We now have the omponents of the four momentum P α in spherial polar
oordinates
P α = (t˙, r˙, θ˙, φ˙)
= E(F−1, [1− F (K
E2
+
D2
r2
)]
1
2 , 0,
D
r2
) (2.17)
where D = J
E
is the impat parameter, F = (1− 2M
r
) and K = 0 for photons
and K = +1 for partiles.
2.1.1 Orbit Equation
In order to derive orbit equations that are physially understandable we need
to represent them as r(φ), r(t) and φ(t). In this form we an analyse the
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orbit paths as a funtion of rotational angle φ and the time taken to reah a
ertain point along the angle. Therefore, by using
dr
dτ
=
dr
dφ
· dφ
dτ
=
dr
dφ
J
r2
(2.18)
we an rewrite (2.15) as
E2 = (
dr
dφ
)2
J2
r4
+ (1− 2M
r
)(K +
J2
r2
)
⇒ (dr
dφ
)2 = (E2 −K) r
4
J2
+ 2MK
r3
J2
− r2 + 2Mr (2.19)
Now, transforming u = r−1, so at r =∞ we have u = 0, Eqn. (2.19) beomes:
(
du
dφ
)2r4 = (E2 −K) r
4
J2
+ 2MK
r3
J2
− r2 + 2Mr
(
du
dφ
)2 =
(E2 −K)
J2
+ 2MK
u
J2
− u2 + 2Mu3 (2.20)
Doing similar manipulation for φ(t) we have
dφ
dt
=
dφ
dτ
· dτ
dt
(2.21)
and using Eqns. (2.12) and (2.13) in this, and transforming u = 1
r
, we have:
dφ
dt
=
D
r2
(1− 2M
r
) = Du2(1− 2Mu) (2.22)
Finally, we an determine u(t) by inserting:
du
dφ
=
du
dt
· dt
dφ
=
du
dt
[Du2(1− 2Mu)]−1 (2.23)
into Eqn. (2.20), whih gives
(
du
dt
)2 = [Du2(1− 2Mu)]2[ (E
2 −K)
J2
+ 2MK
u
J2
− u2 + 2Mu3] (2.24)
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Now, the Eqns. (2.20), (2.22) and (2.24) are the general equations that de-
termine photon and partile trajetories in the plane θ = pi/2. If we take
K = 0 we then have the required photon trajetory equations
(
du
dφ
)2 =
1
D2
− u2 + 2Mu3 = f(u) (2.25)
(
du
dt
)2 = [Du2(1− 2Mu)]2[ 1
D2
− u2 + 2Mu3]
= [Du2(1− 2Mu)]2f(u) (2.26)
We an also write another equation, speially for null radial geodesis. By
using the fat that φ˙ = 0, Eqn. (2.13) implies J = 0, then Eqns (2.12) and
(2.15) beome
(1− 2M
r
)
dt
dτ
= E (2.27)
dr
dτ
= ±E (2.28)
Combining these we have:
dr
dt
= ±(1− 2M
r
) (2.29)
2.2 Orbits in Shwarzshild Spaetime
We will now disuss the solutions of Eqns. (2.25), (2.26) and (2.29). We will
start o with the simple ase of the radial geodesi and then go onto the ase
of the general orbits. For the general ase we will solve (2.25) and (2.26)
to determine the ritial stable orbits and the assoiated impat parameters.
We will then go on to study the trajetories of photons as they fall into the
singularity
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Figure 2.1: Radial Null geodesis take an innite oordinate time to reah
the event horizon at 2M
2.2.1 Null Radial Geodesi
Eqn. (2.29) an be solved by rewriting it as:
dt
dr
= ±(1− 2M
r
)−1 (2.30)
⇒ t = ±(r + 2M log( r
2M
− 1)) + constant± (2.31)
This solution (speially the − one) gives the trajetory of a photon oming
from innity and into the blak hole. It shows that the photon takes an
innite oordinate time to reah the horizon, whih an be seen in Fig. 2.1.
However, if we solve Eqn. (2.28), i.e. in terms of the ane parameter, we
an show that the photon reahes and rosses the event horizon without ever
notiing it,
r = ±Eτ + constant± (2.32)
this an be seen in Fig. 2.2
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Figure 2.2: Radial Null geodesis reah and ross the event horizon at 2M
without notiing it when dened with the ane parameter
2.2.2 General Null Geodesis and Critial Orbits
We will rst solve Eqn. (2.25) in order to determine the the ritial stable
photon orbits. In order to do this we rst onsider the point of equilibrium
and the assoiated impat parameter. This equilibrium point ours when
du
dφ
= 0 (2.33)
whih means as the photon is orbiting the blak hole u does not hange; so
if the radial distane does not hange it implies a irular orbit. Therefore
we must solve
f(u) =
1
D2
− u2 + 2Mu3 = 0 (2.34)
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The sum and produt of the roots u1, u2, and u3 of this equation are given
by
1
u1 + u2 + u3 =
1
2M
and u1u2u3 = − 1
2MD2
(2.35)
This shows that f(u) = 0 must have a real negative root, and the two
remaining roots an be real (distint or oinident) or be a omplex onjugate
pair; however, the ourrene of oinident positive real roots implies the
existene of a irular orbit. Thus, if a oinident root ours it should be at
the point given by the derivative of f(u)
f ′(u) = 6Mu2 − 2u = 0 (2.36)
Whih then has the solution u1 = u2 = (3M)
−1
. For this solution the impat
parameter of equation (2.34) is D = (3
√
3)M . From the produt ondition,
equation (2.35), we nd that the roots of f(u) = 0 are
u1 = u2 =
1
3M
and u3 = − 1
6M
and D = (3
√
3)M (2.37)
Therefore, when the impat parameter is D = (3
√
3)M then du
dφ
vanishes for
u = (3M)−1, whih implies a irular orbit of radius 3M is an allowed null
geodesi [2℄.
Now we an onsider a photon at u = 0 with an impat parameter D =
(3
√
3)M . This, then, gives a trajetory of a photon spiralling in and tending
to the ritial orbit at u = (3M)−1. The general dierential equation for
this impat parameter is given by rearranging and substituting for D in
Eqn. (2.25)
(
du
dφ
)2 = 2M(u+
1
6M
)(u− 1
3M
)2 (2.38)
1
for au3 + bu2 + c = 0 we have u1 + u2 + u3 = − ba and u1u2u3 = − ca
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From [2℄ we have the solution to this as
u = − 1
6M
+
1
2M
tanh2
1
2
(φ− φ0) (2.39)
where φ0 is a onstant of integration, given by:
tanh2 (−1
2
φ0) =
1
3
, (2.40)
whih gives: u = 0 (r → ∞) when φ = 0, and u = 1
3M
when φ → ∞.
Therefore a null geodesi arriving from innity with an impat parameter
D = (3
√
3)M approahes the irle of radius 3M , asymptotially, by spi-
ralling around it, as an be seen in Fig. 2.3
2
. Also, numerially solving
Eqn (2.26) we an show that as time inreases u tends to 1
3M
, whih an be
seen in Fig. 2.4.
Finally we an show that when an impat parameter other than D =
(3
√
3)M is used, for example if we set D = (3
√
3)M − 0.1, the solution
of Eqn. (2.25) shows that the photon falls past the ritial orbit, through
the event horizon, and into the singularity, Fig. 2.5. Using this new impat
parameter in Eqn. (2.26) and, again solving numerially, we see that the
photon omes in from innity and tends to the event horizon, u = 1
2M
,
asymptotially in time t, Fig. 2.6.
2
This gure was plotted using Eqn (2.39). We also obtained the same plot by numeri-
ally solving Eqn (2.38) in Mathematia.
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Figure 2.3: Null geodesi, with impat parameter D = (3
√
3)M , arriving
from innity and approahing u = 1
3M
asymptotially (M=1/3)
Figure 2.4: For impat parameter D = (3
√
3)M a null trajetory tends to
u = 1
3M
asymptotially with time.
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Figure 2.5: Null geodesi, with impat perimeter D = (3
√
3)M −0.1, arrives
from innity and spirals into the singularity.
Figure 2.6: Null geodesi, with impat perimeter D = (3
√
3)M −0.1, arrives
from innity and tends to u = 1
2M
asymptotially in time t.
Chapter 3
Quantum Gravitational Optis
3.1 Photon Propagation in Curved Spaetime
Maxwell's equations, in urved spaetime,
0 = DµF
µν
(3.1)
0 = DµFνλ +DνFλµ +DλFµν (3.2)
⇒ Fµν = ∂µAν − ∂νAµ, (3.3)
annot be solved expliitly, and even in ases of extreme symmetry expliit
solutions are diult; this is due to the fat that as urved spae ats as
a dispersive material (i.e. bending light rays) plane wave solutions do not
exist.
3.1.1 Geometri Optis in Curved Spaetime
In dispersive materials, where light rays are bent, we an onsider the solution
of Maxwell's equations to be a simple perturbation of the plane wave solution.
For example in urved spae, relative to an observer, the eletromagneti
waves an appear to be plane and monohromati on a sale that is muh
20
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larger ompared to the typial wavelength, but very small ompared with
the typial radius of urvature of spae time. Suh "loally plane" waves an
be represented, in geometri optis, by approximate solutions of Maxwell's
equations of the form[6℄:
Fµν = Re(F µν1 + iεF µν2 + . . .)ei
θ
ε
(3.4)
and the eletromagneti eld vetor, dened by Eqn. (3.3), takes the form:
Aµ = Re(Aµ1 + iεAµ2 + . . .)ei
θ
ε
(3.5)
where the eletromagneti eld is written as a slowly-varying amplitude and a
rapidly-varying phase. The parameter ε is introdued in order to keep trak
of the relative order of magnitude of terms, so in urved spae Maxwell's
equations an be solved order-by-order in ε. In this formulation the wave
vetor is then dened as the gradient of the phase of the eld, kµ = Dµ
i
ε
θ =
∂µ
i
ε
θ, whih in terms of the quantum interpretation is identied as the photon
momentum. We an also write Aµ = Aaµ, where A represents the amplitude
and aµ (normalized as aµa
µ = −1) speies the wave polarization. These
vetors then satisfy the ondition kµa
µ = 0.
Geometri Optis and Null Dynamis
In this notation Eqn. (3.1) an be written, to leading order O(1
ε
), as:
∂µ(F
µν
1 e
i θ
ε ) = F µν1 e
i θ
ε (
i
ε
∂µθ)
⇒ kµF µν1 = 0 (3.6)
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and Eqn. (3.3) beomes:
F1µνe
i θ
ε = (∂µA1ν − ∂νA1µ)ei θε
=
i
ε
(∂µθA1ν − ∂νθA1µ)ei θε
⇒ F1µν = kµA1ν − kνA1µ (3.7)
Now, by ombining these, we have:
kµF
µν
1 = kµ(k
µAν1 − kνAµ1 ) = 0
= (kµk
µ)Aν1 − kν(kµAµ1)
⇒ k2aν = 0 (3.8)
and from this we an dedue that k2 = 0, i.e. kµ is a null vetor. Also, it
follows from the denition of kµ as a gradient that Dµkν = Dνkµ, so
kµDµk
ν = kµDνkµ =
1
2
Dνk2 = 0 (3.9)
Using this, and the fat that light rays are dened as the urves given by
xµ(s) where
dxµ
ds
= kµ, we an derive the geodesi equation as follows[7℄:
0 = kµDµk
ν
=
d2xν
ds2
+ Γνµλ
dxµ
ds
dxλ
ds
(3.10)
3.2 Quantum Modied Null Dynamis
As was seen in Se. 1.2, using the eetive ation, Eqn. (1.4), the equation
of motion beomes:
0 = DµF
µν − 1
m2
[2bRµλD
µF λν + 4cgντRµτλρD
µF λρ] (3.11)
and the Bianhi identity, Eqn. (3.2), remains unhanged. Now, as before we
an determine the quantum modied light one and geodesi equations.
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Quantum Modied Light Cone
Substituting Eqn. (3.4) in (3.11) we nd, again to O(1
ε
):
0 =
i
ε
(Dµθ)e
i θ
εF µν1 −
1
m2
[2bRµλ
i
ε
(Dµθ)ei
θ
εF λν1
+ 4cgντRµτλρ
i
ε
(Dµθ)ei
θ
εF λρ1 ]
⇒ 0 = kµF µν1 −
1
m2e
[2bRµλk
µF λν1 + 4cg
ντRµτλρk
µF λρ1 ] (3.12)
and using Eqn. (3.7) we have:
0 = kµ(k
µAν1 − kνAµ1 ) −
1
m2e
[2bRµλk
µ(kλAν1 − kνAλ1)
+ 4cgντRµτλρk
µ(kλAρ1 − kρAλ1)]
using kµA
µ = 0 this beomes:
0 = kµk
µAν1 −
1
m2e
[2bRµλk
µ(kλAν1 − kνAλ1)
+ 4cgντRµτλρk
µ(2kλAρ1)] (3.13)
where Aν1 = A1a
ν
, and the last line is simplied by relabeling of indies.
Now, Contrating with Aaν and eliminating A we have:
0 = −kµkµ + 2b
m2e
Rµλk
µkλ − 8c
m2e
Rµτλρk
µkλaτ1a
ρ
1
This then gives the quantum modied light one:
k2 − 2b
m2
Rµλk
µkλ − 8cα
m2e
Rµτλρk
µkλaτaρ = k2 − δk(a) = 0 (3.14)
where we have replaed the onstant c = − α
360pi
with cα =
α
360pi
for onveniene
of interpretation, i.e. the sign of the light one is immediately obvious from
CHAPTER 3. QUANTUM GRAVITATIONAL OPTICS 24
Rµτλρk
µkλaτaρ. As we will be working in the Shwarzshild spaetime the
quantum modied light one for the Rii at ase (Rµλ = 0) is given by:
k2 =
8cα
m2e
Rµτλρk
µkλaτaρ = δk(a) (3.15)
Here the sign of the light one depends on polarization and the photon tra-
jetory; if the orretion is positive we have spae-like motion, and if it's
negative we have time-like motion.
Quantum Modied Geodesi Equation
The photon trajetories orresponding to the quantum modied equation of
motion, (3.11), an be represented by a generalised version of Eqn. (3.9):
0 =
1
2
Dν [k
2 − 2b
m2
Rµλk
µkλ − 8cα
m2e
Rµτλρk
µkλaτaρ]
0 =
1
2
Dνk
2 − 1
m2
Dν [bRµλk
µkλ + 4cαRµτλρk
µkλaτaρ]
⇒ 0 = d
2xν
ds2
+ Γνµλ
dxµ
ds
dxλ
ds
− 1
m2
∂ν [(bRβγ + 4cαRβσγτa
σaτ )
dxβ
ds
dxγ
ds
] (3.16)
where we have used kµ = dx
µ
ds
, and ovariant derivative in the seond term is
replaed by a partial derivative as it's ating on a salar. In Rii spaetime
this equation beomes:
0 =
d2xν
ds2
+ Γνµλ
dxµ
ds
dxλ
ds
− 4cα
m2
∂ν [Rβσγτa
σaτ
dxβ
ds
dxγ
ds
] (3.17)
3.3 Horizon Theorem and Polarization Rule
There are two general features assoiated with quantum modied photon
propagation[7℄. First, it is a general result that the veloity of radially di-
reted photons remains equal to c at the event horizon. Seond, for Rii
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at spaetimes (suh as Shwarzshild[1℄ and Kerr[8℄ spaetimes), the velo-
ity shifts for the two transverse polarizations are always equal and opposite.
However, this is no longer true for non-Rii at ases (suh as Robertson-
Walker spaetime[1℄). In these ases, the polarization averaged veloity shift
is proportional to the matter energy-momentum tensor. These features an
be easily shown by using the Newman-Penrose formalism: this haraterises
spaetimes using a set of omplex salars, whih are found by ontrating
the Weyl tensor with elements of a null tetrad[2℄.
Newman-Penrose Formalism
We hoose the basis vetors of the null tetrad as[7℄: lµ = kµ, the photon mo-
mentum. Then, we denote the two spaelike, normalized, transverse polar-
ization vetors by aµ and bµ and onstrut the null vetors mµ = 1√
2
(aµ+ ibµ)
and m¯µ = 1√
2
(aµ − ibµ). We omplete the tetrad with a further null vetor
nµ, whih is orthogonal to mµ and m¯µ. We then have the onditions:
l ·m = l · m¯ = n ·m = n · m¯ = 0 (3.18)
from orthogonality, and:
l · l = n · n = m ·m = m¯ · m¯ = 0 (3.19)
sine the basis vetors are null. Finally, we impose:
l · n = −m · m¯ = 1 (3.20)
The Weyl tensor, given in terms of the Riemann and Rii tensors, is:
Cµνγδ = Rµνγδ − 1
2
(ηµγRνδ − ηνγRµδ − ηµδRνγ + ηνδRµγ)
+
1
6
(ηµγηνδ − ηµδηνγ)R (3.21)
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where Rµγ = η
νδRµνγδ and R = η
µνRµν ; and the Weyl tensor satises the
trae-free ondiation:
ηµδCµνγδ = 0 (3.22)
and the yliity property:
C1234 + C1342 + C1423 = 0 (3.23)
Now, using the null tetrad, we an denote the ten independent omponents
of the Weyl tensor by the ve omplex Newman-Penrose salars:
Ψ0 = −Cµνγδlµmνlγmδ
Ψ1 = −Cµνγδlµnνlγmδ
Ψ2 = −Cµνγδlµmνm¯γnδ
Ψ3 = −Cµνγδlµnνm¯γnδ
Ψ4 = −Cµνγδnµm¯νnγm¯δ (3.24)
3.3.1 Polarization Sum Rule
Rii Flat Spaetime
In Rii at spaetime, summing the quantum orretion over the two po-
larizations leads to the following polarization sum rule:
∑
a
δk(a) = 0 (3.25)
This an be proven by suming the quantum orretion in Eqn. (3.15) over
the two polarizations,
∑
a
δk(a) =
8cα
m2e
∑
a
Rµνγδk
µkγaνaδ (3.26)
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In the Newman-Penrose basis, using k = l, a =
√
2
2
(m+m¯), b = − i
√
2
2
(m−m¯),
and the fat that Cµνγδ = Rµνγδ for the Rii at ase, we have:
∑
a
Rµνγδk
µkγaνaδ =
1
2
Cµνγδl
µlγ(mν + m¯ν)(mδ + m¯δ)
− 1
2
Cµνγδl
µlγ(mν − m¯ν)(mδ − m¯δ)
= Cµνγδl
µlγ(mνm¯δ + m¯νmδ) (3.27)
This partiular ontration is equal to zero as it's not part of the omplex
salars in Eqns. (3.24); hene the sum of the two quantum orretions is zero.
This implies the trajetory (and veloity) shifts are equal and opposite.
Non-Rii Flat Spaetime
For the non-Rii at spaetimes the polarization sum rule is given as:
∑
a
δk(a) = − 8pi
m2e
(2b− 8cα)Tµνkµkν (3.28)
where Tµν is the energy-momentum tensor. This an be shown by proeeding
as before, but now we inlude the Rii tensor and salar, as in Eqn. (3.21):
∑
a
Rµνγδk
µkγaνaδ = Cµνγδl
µlγ(mνm¯δ + m¯νmδ)− Rµγlµlγ (3.29)
As before the rst term on the RHS is zero, and the seond term is only
dependent on the photon momentum. Then, ombining this with the Rii
term in Eqn. (3.14) we have:
∑
a
δk(a) =
1
m2e
(2b− 8cα)Rµνkµkν (3.30)
Finally replaing the Rii tensor with the energy-momentum tensor, by
using the Einstein equation
Rµν = −8piTµν + 1
2
Rgµν (3.31)
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we obtain Eqn. (3.28).
3.3.2 Horizon Theorem
At the event horizon, photons with momentum direted normal to the hori-
zon have veloity equal to c, i.e. the light one remains k2 = 0, independent
of polarization[7℄.
This an be easily proven for the Rii at spaetime, using the orthonormal
vetors ka = (Ek, Ek, 0, 0), a
b = (0, 0, 1, 0) and ab = (0, 0, 0, 1). Therefore,
using these vetors in Eqn. (3.15), we have:
k2 =
8cα
m2e
Rabcdk
akcabad = 0 (3.32)
So, in Rii at spaetime all radially projeted photon trajetories remain
unhanged.
It is also possible to prove the horizon theorem for the general ase (for
Rii and non-Rii at spaetimes) that the light one at the event horizon
is unhanged. This an be seen in the null tetrad, so that the physial, spae-
like, polarization vetors aµ and bµ lie parallel to the event horizon 2-surfae,
while kµ is the null vetor normal to the surfae. Then, from Eqn. (3.14) we
have for the two polarizations:
k2 =
2b
m2e
Rµγk
µkγ +
8cα
m2e
Rµνγδk
µkγaνaδ
=
2b
m2e
Rµγl
µlγ +
8cα
m2e
[−1
2
Rµγl
µlγ ± Cµνγδlµlγ 1
2
(mν ± m¯ν)(mδ ± m¯δ)]
=
1
m2e
(2b− 4cα)Rµγlµlγ ± 4cα
m2e
Cµνγδl
µlγ
1
2
(mν ± m¯ν)(mδ ± m¯δ) (3.33)
Using Eqn. (3.31) and the fat that Cµνγδl
µlγ(mνm¯δ + m¯νmδ) = 0, we an
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write this as:
k2 = − 8pi
m2e
(2b− 4cα)Tµγlµlγ ± 4cα
m2e
Cµνγδl
µlγ(mνmδ + m¯νm¯δ) (3.34)
and in terms of the Newman-Penrose salars this an be written as:
k2 = − 8pi
m2e
(2b− 4cα)Tµγlµlγ ± 8cα
m2e
Ψ0, (3.35)
where the simpliation in the last term on the RHS is possible as Ψ0 is
real for Shwarzshild spaetime. In general Eqn. (3.35) is non zero, how-
ever, at the event horizon the terms: Tµγl
µlγ and Ψ0 are zero for stationary
spaetimes[7, 9℄
1
.
Physially the Rii term represents the ow of matter aross the horizon
and the Weyl term represents the ow of gravitational radiation[7℄, and both
are zero in lassi general relativity; and as, even with the quantum modi-
ation, the light one remains unhanged at the event horizon, means the
event horizon is xed and light annot esape from inside the blak hole.
1
Stationary spaetimes are independent of time and may or may not be symmetri
under time reversal
Chapter 4
Quantum Modied Trajetories
In this hapter we will analyse how the lassial null trajetories, desribed in
Chapter 2, are modied in Shwarzshild spaetime, due to quantum modi-
ations of the equations of motion of general relativity. Using Eqn. (3.14) we
will alulate the quantum orreted version of Eqn. (2.25), whih will then
desribe the quantum modied motion of a null trajetory in a Shwarzshild
spaetime. Using this, and following the methods of Chapter 2, we will begin
by studying simple ritial irular orbits at the stationary point, u = 1/3M .
As stated in the polarization rule, the ritial orbit should be shifted up and
down by equal amounts, depending on the polarization of eah photon. Also,
we will show that these modiations are only valid if the "lassi" impat
parameter orresponding to the stationary orbit is adjusted, depending on
the photon's polarization, in order to ompensate for the orbit shift. This
information, of the modied orbits and the orresponding impat parameter
for eah polarization, will then be used to determine the general trajetory
of a (vertially or horizontally polarized) photon oming in from innity and
tending to one of the two shifted ritial orbits. We will then go on to show
that these quantum modiations have no eet on the event horizon, that
30
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is, when the impat parameter is aordingly adjusted and a photon falls into
the singularity the event horizon remains xed at u = 1/2M .
4.1 Quantum Modied Cirular Orbits
In Shwarzshild spaetime, using kν = dxν/dτ , Eqn. (3.15) an be written
as:
0 = r˙2 − (1− 2M
r
)2t˙2 + r2(1− 2M
r
)θ˙2
+ (1− 2M
r
)r2φ˙2 +
8cα
m2e
(1− 2M
r
)Rµνγδk
µkγaνaδ (4.1)
and Eqn. (3.17) as:
0 = t¨+
2M
r2
(1− 2M
r
)−1r˙t˙
− 4cα
m2e
∂t(Rµνγδa
νaδ
dxµ
dτ
dxγ
dτ
) (4.2)
0 = r¨ − M
r2
(1− 2M
r
)−1r˙2 − r(1− 2M
r
)φ˙2
+
M
r2
(1− 2M
r
)t˙2 − 4cα
m2e
∂r(Rµνγδa
νaδ
dxµ
dτ
dxγ
dτ
) (4.3)
0 = φ¨+
2r˙φ˙
r
− 4cα
m2e
∂φ(Rµνγδa
νaδ
dxµ
dτ
dxγ
dτ
) (4.4)
0 = −4cα
m2e
∂θ(Rµνγδa
νaδ
dxµ
dτ
dxγ
dτ
) (4.5)
where cα =
α
360pi
. Now, in order to onsider quantum modied irular orbits
we require three things: (i) the Riemann tensor omponents, (ii) the photon
wave vetors, kµ = dx
µ
dτ
, for irular orbits, and nally (iii) the photon polar-
ization vetors, aµ. Due to the irular nature of the orbit the simplest basis
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to work in is the orthonormal basis. In this frame the required polarization
and wave vetors, for irular orbits, are simply given as:
aµ = (0, 1, 0, 0) Planar Polarized (4.6)
aµ = (0, 0, 1, 0) Vertially Polarized (4.7)
kµ =
dxµ
dτ
= (Ek, 0, 0, Ek) 4-momentum along φ (4.8)
Now using these photon vetors, the quantum modiations in Eqns. (4.1)-
(4.5), an be expanded to give:
• For the planar polarized ase we have:
Rabcdk
akcabad = Rarcrk
akc = E2k(Rarcrkˆ
akˆc)
= E2k(Rtrtr +Rφrφr + 2Rtrφr) (4.9)
• For the vertially polarized ase we have:
Rabcdk
akcabad = Raθcθk
akc = E2k(Raθcθkˆ
akˆc)
= E2k(Rtθtθ +Rφθφθ) (4.10)
Using the six independent omponents of the Riemann tensor in the orthonor-
mal basis
1
, we nd:
Rtrrt = −Rtrtr = −2M
r3
⇒ Rtrtr = 2M
r3
(4.11)
1
Whih we have alulated in Appendix A
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Rφrrφ = −Rφrφr = −M
r3
⇒ Rφrφr = M
r3
(4.12)
Rθtθt = Rtθtθ = −M
r3
⇒ Rtθtθ = −M
r3
(4.13)
Rφθθφ = −Rφθφθ = 2M
r3
⇒ Rφθφθ = −2M
r3
(4.14)
Rtrφr = 0 (4.15)
Then Eqns. (4.9) and (4.10) beome:
• For the planar polarized ase:
Rabcdk
akcabad = E2k(Rtrtr +Rφrφr + 2Rtrφr) =
3E2kM
r3
(4.16)
with the relevant derivatives:
∂t
3E2kM
r3
= 0 ∂r
3E2kM
r3
= −9E
2
kM
r4
∂θ
3E2kM
r3
= 0 ∂φ
3E2kM
r3
= 0 (4.17)
• For the vertially polarized ase:
Rabcdk
akcabad = E2k(Rtθtθ +Rφθφθ) = −
3E2kM
r3
(4.18)
and the relevant derivatives:
− ∂t3E
2
kM
r3
= 0 − ∂r 3E
2
kM
r3
=
9E2kM
r4
−∂θ 3E
2
kM
r3
= 0 − ∂φ3E
2
kM
r3
= 0 (4.19)
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From Eqns. (3.15), (4.16) and (4.18) we an see that:
k2 ∼ 3E
2
kM
r3
For Planar Polarization (4.20)
k2 ∼ −3E
2
kM
r3
For Vertial Polarization (4.21)
This implies that, as the light one for planar polarization is positive, it
represents a photon trajetory with a speed < c, and as the light one for
vertial polarization is negative, it represents a photon trajetory with a
speed > c.
Planar Polarization
Considering the planar polarized ase rst, we an use Eqns. (4.16) and (4.17)
to rewrite Eqns. (4.1)-(4.4) as:
0 = r˙2 − (1− 2M
r
)2t˙2 + r2(1− 2M
r
)θ˙2
+ (1− 2M
r
)r2φ˙2 +
8cα
m2e
(1− 2M
r
)
3E2kM
r3
(4.22)
0 = t¨ +
2M
r2
(1− 2M
r
)−1r˙t˙ (4.23)
0 = r¨ − M
r2
(1− 2M
r
)−1r˙2 − r(1− 2M
r
)φ˙2
+
M
r2
(1− 2M
r
)t˙2 +
4cα
m2e
9E2kM
r4
(4.24)
0 = φ¨+
2r˙φ˙
r
(4.25)
where Eqn. (4.5) beomes zero. Now, using the solutions of (4.23) and (4.25),
as given by (2.12) and (2.13), we an rewrite Eqn. (4.22) as a simple quantum
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modied trajetory equation for irular orbits with radius r and in a plane
θ = pi
2
:
2
0 = r˙2 − E2 + (1− 2M
r
)
J2
r2
+
8cα
m2e
(1− 2M
r
)
3E2kM
r3
⇒ E2 = (dr
dτ
)2 + (1− 2M
r
)(
24cE2kM
m2er
3
+
J2
r2
) (4.26)
To make this equation more meaningful and easier to solve we make the
following transformations
3
:
τ → φ dr
dφ
· dφ
dτ
=
dr
dφ
· J
r2
(4.27)
r → u = 1
r
du
dφ
· dr
du
=
du
dφ
· (− 1
u2
) (4.28)
Therefore, Eqn. (4.26) beomes:
E2 = (
dr
dφ
)2 · ( J
r2
)2 + (1− 2M
r
)(
24cαE
2
kM
m2er
3
+
J2
r2
)
= (
du
dφ
)2 · (− 1
u2
)2 · (Ju2)2 + (1− 2Mu)(24cαE
2
kMu
3
m2e
+ J2u2)
= (
du
dφ
)2 · J2 + (1− 2Mu)(24cαE
2
kMu
3
m2e
+ J2u2) (4.29)
Whih an be written as:
(
du
dφ
)2 = 2M2Au4 + (2M −MA)u3 − u2 + E
2
J2
(4.30)
where we have dened the dimensionless onstant:
A =
24cαE
2
k
J2m2e
=
72cα
m2eD
2
, (4.31)
2
We must note that E and Ek are not equal, E is the energy from the lassi relativisti
orbit equations, while Ek is the quantum energy of the photon
3
Using J = r2 dφ
dτ
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In the last form we have used (without proof) the relation Ek =
√
3E, whih
will be proven in Se. 4.2.1, Eqn. (4.68).
4
Vertial Polarization
Similarly, for the vertially polarized ase, using Eqns. (4.18) and (4.19) in
Eqns. (4.1)-(4.5) to give:
0 = r˙2 − (1− 2M
r
)2t˙2 + r2(1− 2M
r
)θ˙2
+ (1− 2M
r
)r2φ˙2 − 8cα
m2e
(1− 2M
r
)
3E2kM
r3
(4.32)
0 = t¨ +
2M
r2
(1− 2M
r
)−1r˙t˙ (4.33)
0 = r¨ − M
r2
(1− 2M
r
)−1r˙2 − r(1− 2M
r
)φ˙2
+
M
r2
(1− 2M
r
)t˙2 − 4cα
m2e
9E2kM
r4
(4.34)
0 = φ¨+
2r˙φ˙
r
(4.35)
whih, in a similar way as before, gives us the equation of motion for the
vertially polarized photon:
(
du
dφ
)2 = −2M2Au4 + (2M +MA)u3 − u2 + E
2
J2
(4.36)
4.1.1 Quantum Modied Critial Orbits
Now the general equation for the quantum modied irular orbits is:
(
du
dφ
)2 = ±AM(2Mu − 1)u3 + 2Mu3 − u2 + 1
D2
= f(u) (4.37)
4cα is dimensionless, while D and me have dimensions of length and inverse-length
respetively
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where + is for planar polarization in the r diretion, − is for vertial polariza-
tion in the θ diretion and D is the impat parameter. As A→ 0 Eqn. (4.37)
tends to the lassi orbit equation in general relativity, Eqns. (2.25). There-
fore, in order to determine the magnitude of the quantum orretion we an
alulate the order of A using typial values for me, D and cα, in Eqn. (4.31).
Using
5 mec/h ∼ 1011 for the eletron mass (as it is given as inverse length),
cα = α/360pi ∼ 10−6, and the mass of the sun inserted into the ritial im-
pat parameter: D = 3
√
3GM⊙/c2 ∼ 102 (given in terms of length), this
then gives us
6
:
A =
72cα
m2eD
2
∼ 10
−6
(1011102)2
∼ 10−32 (4.38)
With the order of A being so small the orretion in Eqn. (4.37) will be tiny
ompared to the size of the orbit (r = 3GM/c2 ∼ 102); therefore the modied
orbits will not dier from the lassi ritial orbit, given by Eqn. (2.25), by
very muh.
We will now determine the quantum modied ritial irular orbits. In
order to solve Eqn. (4.37), we an use the fat, from the polarization rule,
that the modied orbits should be shifted above and below u = 1
3M
by equal
amounts depending on polarization. So we expet a solution of the type
u = 1
3M
±δu; whih means we an try a simple modied solution of the form:
u = u0 + ku1 (4.39)
where u0 =
1
3M
, u1 is the quantum modiation, and k is a small onstant
5
As we were working with G = c = ~ = 1, we must reintrodue these onstants to
obtain the orret order of A
6
This result is also shown in [5℄
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depending on the quantum modiation A.
Planar Polarized Critial Orbit
Working with Planar polarization, we an substitute the solution (4.39) into
the derivative df/du of Eqn. (4.37):
df
du
= 2AM2u3 + 3AM(2Mu − 1)u2 + 6Mu2 − 2u = 0 (4.40)
and as A≪ 1 and k ∼ A, then the only terms of relevane are the ones rst
order in k and A, everything else an be assumed to be ≈ 0. Therefore, we
have
7
:
2AM2u30 + 6AM
2u30 − 3AMu20 + 6Mu20 + 12Mku1u0 − 2u0 − 2ku1 = 0
⇒ u1 = AM
6k
u20 (4.41)
Now, substituting this into the trial solution (4.39), we have:
u = u0(1 +
AM
6
u0) (4.42)
where u0 =
1
3M
is the lassi solution. Therefore the lassi orbit u0 is
modied by
M
6
u0 to rst order in A. Also, with this orbit modiation we
require an assoiated, modied, impat parameter, whih should take the
form:
1
D2
=
1
D20
+ β (4.43)
where 1/D20 = 1/27M
2
. The modied impat parameter an be found by
substituting (4.42) and (4.43) into (4.37) and solving for β. Doing so, we
7u = u0 + ku1 u
2 = u20 + 2ku1u0 u
3 = u30 + 3ku1u
2
0
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nd
8
:
(
du
dφ
)2 = 2M2Au4 −AMu3 + 2Mu3 − u2 + 1
D20
+ β = 0
= 2M2Au40 −AMu30 + 2Mu30 +M2Au40 − u20
− 1
3
AMu30 +
1
D20
+ β (4.44)
We have 2Mu30 − u20 + E
2
J2
= 0, as this forms the lassi equation of motion
for irular orbits. Therefore,
2M2Au20 −AMu30 +M2Au40 −
1
3
AMu30 + β = 0
Now, as u0 =
1
3M
, we have:
β =
AM
3
u30 (4.45)
Therefore the modied impat parameter, for planar polarization, is:
1
D2
=
1
D20
+
AM
3
u30 (4.46)
Then, substituting for D0, we have:
1
D2
=
1
3(3M)2
+
AM
3
u30 =
u20
3
+
AM
3
u30
=
u20
3
(1 + AMu0) (4.47)
Vertial Polarized Critial Orbit
Doing the same for the vertially polarized photon, i.e. by using:
df
du
= −2AM2u3 − 3AM(2Mu − 1)u2 + 6Mu2 − 2u = 0 (4.48)
8
we, again, work to rst order in A: u = u0+A
M
6 u
2
0, u
2 = u20+A
M
3 u
3
0, u
3 = u30+A
M
2 u
4
0
and u4 = u40 +A
2M
3 u
5
0
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and substituting the trial solution (4.39) we nd:
−2AM2u30 − 6AM2u30 + 3AMu20 + 6Mu20 + 12Mku1u0 − 2u0 − 2ku1 = 0
⇒ u1 = −AM
6k
u20 (4.49)
u = u0(1− AM
6
u0) (4.50)
whih is equal, but opposite in sign, to (4.41), as is expeted from the po-
larization rule. Also, as before, the relevant impat parameter is given by
substituting (4.50) and (4.43) into the negative equation of (4.37) and work-
ing to rst order in A.
du
dφ
= −2M2Au4 + AMu3 + 2Mu3 − u2 + 1
D20
+ β = 0
= −2M2Au40 + AMu30 + 2Mu30 −MAu40 − u20
+
1
3
AMu30 +
1
D20
+ β (4.51)
Eliminating terms and rearranging, as before, we nd:
β = −AM
3
u30 (4.52)
Therefore the modied impat perimeter, for vertial polarization, is:
1
D2
=
1
3(3M)2
− AM
3
u30 =
u20
3
− AM
3
u30
=
u20
3
(1− AMu0) (4.53)
The Modied Orbits
We now have the irular orbit solutions for Eqn. (4.37) and the relevant
impat parameters:
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Figure 4.1: Orbit shifts about the lassi ritial orbit u0 = 1/3M , with
orresponding shifts in the speed of light (Not to sale)
.
• Planar (r) polarization solution (<1)
u = u0 + A(
M
6
u20)
1
D2
=
u20
3
(1 + AMu0) (4.54)
• Vertial(θ) polarization solution (>1)
u = u0 − A(M
6
u20)
1
D2
=
u20
3
(1−AMu0) (4.55)
whih are displayed in Fig. 4.1 We an note that as the onstant A is of the
order 10−32 these modiations are extremely small.
4.2 Quantum Modied General Geodesis
Using the solutions for the ritial irular orbits and the assoiated impat
parameters we an now study how the general photon trajetories are modi-
ed due to quantum orretions. In the lassi ase when a photon omes in
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from innity, with the ritial impat parameter, it tends to the ritial orbit,
as was shown in Fig. 2.3; and if we slightly derease the impat parameter
the photon spirals into the singularity, Fig. 2.5. We will now onstrut a gen-
eral quantum modied equation of motion and determine how the geodesis
hange, depending on polarization, as they tend to the ritial orbits.
4.2.1 General Vetors
From the quantum modiation term in Eqn. (4.1) we an see that in order to
onstrut a general quantum modied geodesi equation we require general
photon polarization and wave vetors. The wave vetor, kµ, an no longer
be represented by a simple onstant vetor pointing in the φ diretion, as
given in the orthonormal frame. And, even though the vertial polarization
will remain a onstant, as before, the planar polarization will now be a more
general vetor, onstantly hanging as the photon moves through the plane.
General Wave Vetors
Our general wave vetor will be of the form:
kµ = (
dt
dτ
,
dr
dτ
,
dθ
dτ
,
dφ
dτ
) (4.56)
whih respets the light one ondition:
0 = gµνk
νkµ = F t˙2 − F−1r˙2 − r2φ˙2 (4.57)
where gµν is the Shwarzshild metri. Using previous results, of Eqns (2.12)
and (2.13), and the fat that we are working in the plane, θ = pi
2
, we an
represent three of the wave vetor omponents as:
dt
dτ
= EF−1
dφ
dτ
=
J
r2
dθ
dτ
= 0 (4.58)
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where we have dened:
F = (1− 2M
r
) (4.59)
Now using Eqn. (4.57) we an write the nal omponent as:
(
dr
dτ
)2 = F 2(
dt
dτ
)2 − r2F (dφ
dτ
)2
dr
dτ
=
√
E2 − J
2F
r2
= E(1− D
2F
r2
)
1
2
(4.60)
where we have used D2 = J
2
E2
. Now the general wave vetor an be written
as:
kµ = (EF−1, E(1− D
2F
r2
)
1
2 , 0,
J
r2
) (4.61)
Also:
kµ = gµνk
ν
kµ = (E,−F−1E(1− D
2F
r2
)
1
2 , 0,−J) (4.62)
We now have:
kµk
µ = E2F−1 − F−1E2(1− D
2F
r2
)− J
2
r2
= 0
as required. Therefore, eliminating E, we have the general wave vetors:
kµ =
J
D
(F−1, (1− D
2F
r2
)
1
2 , 0,
D
r2
) (4.63)
kµ =
J
D
(1,−F−1(1− D
2F
r2
)
1
2 , 0,−D) (4.64)
We now need to normalize these vetors so, as they ome in from innity
and tend to the ritial irular orbit, they orrespond to the ritial orbit
vetor (4.8). However, as (4.8) is given in the orthonormal basis, and we
are now working in the oordinate frame, we must use the tetrad (A.44),
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given in Appendix B, to transform (4.8) to its oordinate frame equivalent.
Therefore, (4.8) in the oordinate basis is given as:
kµ = (e−1)µak
a = (e−1)µa


Ek
0
0
Ek

 = Ek


F−
1
2
0
0
1
r

 (4.65)
This now orresponds to a wave vetor for a irular orbit in the oordinate
frame. To represent the ritial orbit we simply substitute for r = 3M , in
whih ase F = 1− 2M
r
→ 1
3
, thus (4.65) beomes:
kµ = Ek(
√
3, 0, 0,
1
3M
) (4.66)
Now, if we evaluate (4.64) with r = 3M and D = 3
√
3M we have:
kµ =
J
D
√
3(
√
3, 0, 0,
1
3M
) (4.67)
Therefore, (4.67) is similar to (4.66) up to a onstant of normalization, given
as:
Ek =
J
D
√
3 = E
√
3 (4.68)
Then, the normalized form of (4.64) is given by using (4.68):
kµ =
Ek√
3
(F−1, (1− D
2F
r2
)
1
2 , 0,
D
r2
) (4.69)
General Polarization Vetors
Now we need to onstrut the, planar and vertial, polarization vetors, aµ,
of the photon; whih must be spaelike normalized as:
aµa
µ = −1 aµkµ = 0 (4.70)
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As before, as we are working in a plane, the vertial polarization, aµ1 , will be
a onstant, and an simply be written as:
aµ1 = (0, 0, 1, 0) (4.71)
To normalize this we do as follows:
a1µ = gµνa
ν
1 = −r2(0, 0, 1, 0) ⇒ aµ1a1µ = −r2 (4.72)
Therefore, the normalized vertial polarization vetor is given as:
aµ1 = (0, 0,
1
r
, 0)
a1µ = −r2(0, 0, 1
r
, 0) (4.73)
These now satisfy both the onditions in (4.70). The planar polarized vetor,
aµ2 , is given in the plane of r and φ:
aµ2 = (0, A, 0, B) (4.74)
Now, using the two onditions in (4.70) we an determine A and B. From:
a2µ = gµνa
ν
2 = (0,−AF−1, 0,−r2B) (4.75)
and the vetor (4.69) we have:
kµa2µ = (1− D
2F
r2
)
1
2 (AF−1) + (
D
r2
)(r2B) = 0 (4.76)
a2µa2µ = A
2F−1 +B2r2 = −1 (4.77)
Solving these for A and B:
B = −F
−1
D
(1− D
2F
r2
)
1
2A (4.78)
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A2 =
F
(1 + r
2F−1
D2
(1− D2F
r2
))
(4.79)
Therefore, we have:
A =
DF
r
B = −1
r
(1− D
2F
r2
)
1
2
(4.80)
and the planar polarization vetor beomes:
aµ2 = (0,
DF
r
, 0,−1
r
(1− D
2F
r2
)
1
2 ) (4.81)
We now have the required polarization vetors:
aµ1 =
1
r
(0, 0, 1, 0) (4.82)
a1µ = −r2(0, 0, 1
r
, 0) (4.83)
aµ2 =
1
r
(0, DF, 0,−(1− D
2F
r2
)
1
2 ) (4.84)
a2µ = (0,−D
r
, 0, (1− D
2F
r2
)
1
2 ) (4.85)
where subsript 1 and 2 are vertial and planar polarizations respetively.
These now satisfy the onditions in (4.70) with the wave vetor (4.69).
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4.2.2 Quantum Modiation
Having derived the general polarization and wave vetors, we an see from
Eqn. (3.15) that the quantum modiation given by:
δk(a) =
8cα
m2e
Rabcdk
akcabad (4.86)
also requires the Riemann tensor omponents in the oordinate frame. In
Appendix A we have alulated the required omponents as:
R′trrt = −
2M
r3
R′θrrθ = −
MF−1
r
R′φrrφ = −
MF−1
r
R′φθθφ = 2Mr R
′
θtθt = −
MF
r
R′φtφt = −
MF
r
(4.87)
Using this information we will now determine the form of the general quan-
tum modiation; and from the polarization rule, this quantum orretion
should satisfy the ondition: δk21 = −δk22 for the two polarizations.
For vertial (θ) polarization we have, by using (4.69) and (4.82) in (4.86):
Rabcdk
akcab1a
d
1 = Raθcθ
1
r2
kakc = Rtθtθ
1
r2
ktkt +Rrθrθ
1
r2
krkr +Rφθφθ
1
r2
kφkφ
= −MF
r
(
1
r2
)(
F−1Ek√
3
)(
F−1Ek√
3
)
+
MF−1
r
(
1
r2
)(
√
1− D2F
r2
Ek√
3
)(
√
1− D2F
r2
Ek√
3
)
− 2Mr( 1
r2
)(
DEk
r2
√
3
)(
DEk
r2
√
3
)
= −ME
2
kF
−1
3r3
+
ME2kF
−1(1− D2F
r2
)
3r3
− 2ME
2
kD
2
3r5
= −ME
2
kD
2
r5
(4.88)
Similarly, for planar (r − φ plane) polarization we have, by using (4.69) and
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(4.84) in (4.86):
Rabcdk
akcab2a
d
2 = Rarcrk
akcar2a
r
2 +Rarcφk
akcar2a
φ
2 +Raφcrk
akcaφ2a
r
2
+ Raφcφk
akcaφ2a
φ
2
= Rtrtrk
tktar2a
r
2 +Rφrφrk
φkφar2a
r
2 +Rφrrφk
φkrar2a
φ
2
+ Rrφφrk
rkφaφ2a
r
2 +Rtφtφk
tktaφ2a
φ
2 +Rrφrφk
rkraφ2a
φ
2
=
2M
r3
(
F−1Ek√
3
)2(
DF
r
)2 +
MF−1
r
(
DEk√
3r2
)2(
DF
r
)2
+
MF−1
r
(
DEk√
3r2
)(
Ek√
3
√
1− D
2F
r2
)(
DF
r
)(
√
1− D2F
r2
r
)
+
MF−1
r
(
Ek
√
1− D2F
r2√
3
)(
DEk√
3r2
)(
√
1− D2F
r2
r
)(
DF
r
)
− MF
r
(
F−1Ek√
3
)2(
√
1− D2F
r2
r
)2
+
MF−1
r
(
Ek
√
1− D2F
r2√
3
)2(
√
1− D2F
r2
r
)2
=
ME2kD
2
r5
(4.89)
Therefore, the quantum modiations, k2 = δk(a), for the two polarizations
a1 and a2 (vertial and planar respetively) are:
δk(a1) = −(8cα
m2e
)
ME2kD
2
r5
Vertial (4.90)
δk(a2) = (
8cα
m2e
)
ME2kD
2
r5
Planar (4.91)
where −δk(a1) = δk(a2), as required. Now, using kµkµ − δk(a)=0 we an
write the general equations of motion for the two polarizations:
kµkµ ± (8cα
m2e
)
ME2kD
2
r5
= 0
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(
dr
dτ
)2 = F 2(
dt
dτ
)2 − r2F (dφ
dτ
)2 ± F (8cα
m2e
)
ME2kD
2
r5
As before, substituting for t˙, φ˙ and transforming r → 1
u
, we have:
(
du
dφ
)2 =
1
D2
− Fu2 ± (D
2MA
3
)Fu5 (4.92)
We an also write u as a funtion of time:
(
du
dt
)2 = (Du2F )2(
1
D2
− Fu2 ± (D
2MA
3
)Fu5) (4.93)
where we have used the substitution for A given in equation (4.31). Now,
the Eqns. 4.92 and 4.93 are the general equations of motion, + for vertial
(θ) polarization and − for planar (r-φ) polarization. In these equations we
not only use the impat parameter of the form 1/D2 but also D2, therefore
the parameters for the two polarizations are given as:
1
D2
=
u20
3
(1± AMu0)→ D =
√
3
u0
∓
√
3AM
2
+O(A) (4.94)
4.2.3 General Trajetory to the Critial Orbit.
Now that we have the general orbit equation (4.92) we an rst test whether,
for the ritial impat perimeter D, the equation du
dφ
→ 0 for rst order
in A. Substituting the ritial orbits and the impat parameters given in
(4.54),(4.55) and (4.94) into (4.92) and expanding up to rst order in A we
have: For planar polarization.
(
du
dφ
)2 =
u20
3
(1 + AMu0)− [1− 2M(u0(1 + AM
6
u0))[(u0(1 +
AM
6
u0)]
2
− (
3
u2
0
(1+AMu0)
AM
3
)[1− 2M [u0(1 + AM
6
u0)]][u0(1 +
AM
6
u0)]
5
→ 0 (4.95)
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and similarly for vertial polarization.
(
du
dφ
)2 =
u20
3
(1−AMu0)− [1− 2M [u0(1− AM
6
u0)]][u0(1− AM
6
u0)]
2
− (
3
u2
0
(1−AMu0)AM
3
)[1− 2[(u0(1− AM
6
u0)]][u0(1− AM
6
u0)]
5
→ 0 (4.96)
Expanding these and eliminating all terms of order A2 and higher, we nd
that the right hand sides go to zero, as required. Thus for the appropriate
impat parameters these equations behave as they should.
The next step is to solve equation (4.92) for the two polarizations. This
is most simply done using numerial methods in Mathematia. As a guide,
we know our solution will be of the form u = u0 + ku1, where u0 will be
the lassial solution (2.39), u1 will be a small modiation that pushes the
ritial orbit up or down depending on photon polarization, and k will be
some onstant that is rst order in A, i.e. of the form k = As, where s
will be some number given by the boundary ondition: for φ → ∞ then
u(φ) → u0(1 ± A6 u0). If we substitute for the ritial impat parameter D
from (4.54) and (4.55) depending on the polarization, and then transform to
u→ u0+Asu1, and expand to rst order in A, we have non-linear rst order
dierential equations in u0, u1 and φ.
• For planar polarization:
du1(φ)
dφ
=
6s
√
1
27M2
− u0(φ)2 + 2Mu0(φ)3
[
1
27M2
− 27M3u0(φ)5
+ 54M4u0(φ)
6 − 6su0(φ)u1(φ) + 18sMu0(φ)2u1(φ)] (4.97)
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• For vertial polarization:
du1(φ)
dφ
=
1
6s
√
1
27M2
− u0(φ)2 + 2Mu0(φ)3
[− 1
27M2
+ 27M3u0(φ)
5
− 54M4u0(φ)6 − 6su0(φ)u1(φ) + 18sMu0(φ)2u1(φ)] (4.98)
These an be solved in one of two ways, (i) is to substitute the lassi so-
lution (2.39) for u0 and solve analytially, (ii) is to solve
du1
dφ
and the lassi
equation for
du0
dφ
simultaneously using numerial tehniques. We attempted
to use method (i) to derive an analyti solution for u1(φ), however, due to
the omplex nature of the equation we proeeded to use method (ii), that is
solving by numerial methods. To do this we set the onstant s = 1, and
then when the numerial values of u1(φ) were determined we ould deter-
mine the onstant s so that u(φ) oinided with the modied irular orbits
given in (4.54) and (4.55). This tehnique was used for reasons of onve-
niene, beause solving (4.97) and (4.98) for various values of s would be
time onsuming as eah numerial alulation takes a signiant amount of
time; therefore solving them one and then saling the solution is a more
onvenient method. The results of the equations were plotted as:
u(φ) = u0(φ) + Asu1(φ) (4.99)
where the onstant s was piked to satisfy the ondition: φ→∞ ⇒ u(φ)→
u0(1 ± A6 u0) i.e. the trajetories tend to the ritial orbit, depending on
polarization. In this way the onstant s was determined to be s = 1/3,
whih was tested for various values of M . We have plotted the results of the
numerial alulation in Figs. 4.2 and 4.3. In Fig. 4.2, you an see that the
general ritial orbits follow a lassi style path, however the orbit splitting
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Figure 4.2: The quantum modied ritial orbits follow lassi type paths.
We have used a fator A = 0.00009 in order to make the quantum orretions
more visible, where a real value should be of order ∼ 10−32, Eqn. 4.38. The
splitting of the orbits an be learly seen in the Fig. 4.3, given below.
is not learly visible. But in Fig. 4.3 we have plotted a loser view of the
ritial orbits, and here the splitting is highly visible. It an be seen that the
general trajetories for the planar and vertially polarized photons tend to
the relevant ritial orbits.
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Figure 4.3: The quantum modied trajetories show lear splitting as they
tend to the ritial points. We used the onstants M = 1
3
and A = 0.00009.
4.3 QuantumModiation and the Event Hori-
zon
In Chapter. 2 it was shown that when we dereased the impat parameter
from the ritial value (D = 3
√
3M to D − 1/10) the photon trajetory,
given as u(φ), spiraled into the singularity, Fig. 2.5; and when we represent
the trajetory as a funtion of oordinate time, u(t), it tends to the event
horizon, u = 1/2M . From the horizon theorem it was seen that quantum
modiations have no eet on photon veloities direted normal to the event
horizon. So this implies when a photon tends to the event horizon at an an-
gle, e.g. with an impat parameter D = Dcritical−1/10, then the omponent
of veloity normal to the horizon should be unhanged, while the omponent
parallel to it is modied aording to the quantum orretion; this modia-
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tion should then result in a shift of the photon trajetory, but the horizon
should remain xed. In order to test this we used Eqn. (4.92) with an im-
pat parameter D = Dcritical − 1/10 to show that the photon trajetories
still fall into the singularity. We then used Eqn. (4.93), with the new im-
pat parameter, to study the behavior of the trajetories around the event
horizon.
4.3.1 Trajetories to the singularity
In order to onstrut quantum modied trajetories, whih go past the rit-
ial orbit and fall into the singularity, we require the impat parameters:
1
D2
=
1
(
√
3
u0
√
(1±AMu0)
− 1
10
)2
→ D =
√
3
u0
∓
√
3AM
2
− 1
10
+O(A) (4.100)
where, as before, + is for vertial polarization and − is planar polarization, in
1/D2. For these impat parameters we numerially solved Eqn. (4.92), and in
Fig. 4.4 we an see that all the trajetories follow a lassi type path into the
singularity
9
. However, near the singularity you an see the splitting of the
orbits as they tend to u → ∞. In Fig. 4.5 we have shown a magnied view
of the point where the trajetories ross the event horizon. In this gure
it an be seen that the planar polarized photon (c < 1) rosses the event
horizon at a point before the lassi trajetory and the vertially polarized
photon (c > 1) rosses it at a point after the lassi trajetory. This makes
sense, as the planar polarized photons are pushed towards the blak hole
9
The quantum modiations to the lassi trajetories are very small, and even if we
use the hugely exaggerated value of A = 0.00009, as was used in Figs. 4.3 and 4.2, the
modiation is hardly visible. So, in order to magnify the quantum orretion even more
we used A = 0.0009.
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Figure 4.4: The quantum modied trajetories follow similar paths, as the
lassi trajetory, to the singularity, with M = 1
3
and A = 0.0009.
and vertially polarized trajetories are pushed out, the vertially polarized
ones must spiral further around the blak hole to reah the event horizon
ompared to the lassi or the planar polarized trajetories.
4.3.2 Fixed Event Horizon
To demonstrate the fat that the event horizon remains xed at u = 1/2M we
applied the impat parameters given by (4.100) to Eqn.(4.93). Again, solving
numerially we found that the trajetories tend to the event horizon in the
lassi way, Fig. 4.6, however, they are again slightly shifted. In Fig. 4.7,
a lose up of the point where the trajetories tend to the event horizon at
u = 1/2M , you an learly see that the quantum modied orbits tend to the
horizon before the lassi orbit. This an be understood by the fat that the
planar polarized trajetory is pushed towards the blak hole, hene it has less
CHAPTER 4. QUANTUM MODIFIED TRAJECTORIES 56
Figure 4.5: The lassi and quantum modied trajetories rossing the event
horizon u = 2M , with M = 1
3
and A = 0.0009.
of a distane to propagate before it reahes the horizon, and even though the
vertially polarized trajetory is pushed outwards, the fat that it has a faster
veloity than c = 1 it reahes the event horizon before the lassi trajetory.
The other more important thing we an note from this alulation is that the
event horizon remains xed at the lassi point u = 1/2M , due to the fat
that, as was stated earlier, the quantum orretion has no eet on photon
momentum normal to the horizon. This means even though the quantum
orretion implies veloities greater than the speed of light, no photons an
esape from the event horizon, so the blak hole remains blak.
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Figure 4.6: The quantum modied trajetories follow similar paths, as the
lassi trajetory, to the event horizon, with M = 1
3
and A = 0.0009.
Figure 4.7: The lassi and quantum modied trajetories reah the event
horizon at diering times, with M = 1
3
and A = 0.0009.
Chapter 5
Quantum Modied Shwarzshild
Metri
Now, using our previous results, we an onstrut a new metri that en-
ompasses the quantum orretions due to vauum polarization. This metri
should then be a sum of the lassi Shwarzshild metri and the polarization
dependent quantum orretions we derived in Eqns. (4.88) and (4.89):
Gµνkµkν = (gµν + gµν)kµkν = 0
= (gµν − 8cα
m2e
Rµηνλa
ηaλ)kµkν = 0 (5.1)
5.1 Constrution of the Metri
Using the results in Se. 4.2.2 we an write the rst omponents of the quan-
tum modied metri G1tt and G2tt, for vertial and planar polarization respe-
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tively, as:
G1tt = gtt −
8cα
m2e
Rtbtda
b
1a
d
1
= F − 8cα
m2e
(−MF
r
)(
1
r2
)
= F +
AMD2
9
Fu3 (5.2)
G2tt = gtt −
8cα
m2e
Rtbtda
b
2a
d
2
= F − 8cα
m2e
[
2M
r3
(
DF
r
)2 − (MF
r
)(
√
1− D2F
r2
r
)2]
= F − AMD
2
9
(3D2F 2u5 − Fu3) (5.3)
where, in the last lines of eah omponent, we have used Eqn (4.31) to replae
the onstants with A, and we've made the transformation r → 1/u. Now,
doing this for all the other omponents we an onstrut the metris for
vertial and planar polarizations:
• Vertial Polarization: aµ1 = u(0, 0, 1, 0)
G1µν =


F − BFu3 0 0 0
0 − 1
F
+ Bu
3
F
0 0
0 0 − 1
u2
0
0 0 0 − 1
u2
− Bu

 (5.4)
• Planar Polarization: aµ2 = u(0, DF, 0, D dudφ)
G2µν =


F +BFu3(1− 3D2Fu2) 0 0 0
0 − 1
F
− Bu3(1−D2Fu2)
F
0 Bu3D du
dφ
0 0 − 1
u2
0
0 Bu3D du
dφ
0 − 1
u2
−BD2Fu3


(5.5)
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whereB = AMD
2
9
. These are now the relevant quantummodied Shwarzshild
metris for vertial and planar polarizations
1
.
5.2 Dynamis with the QuantumModied Met-
ri
We an now derive the same equations of motion as (4.92), but now we an
do it simply with the quantum modied metris. Using the general wave
vetor in a plane:
kµ = (t˙, r˙, θ˙, φ˙)
= (
J
D
F−1,−J du
dφ
, 0, Ju2) (5.6)
where we have transformed to r → 1/u, and we substitute for t˙ and φ˙ as
before. Applying this wave vetor to (5.4) and(5.5) we nd:
0 = G1µνkµkν
⇒ (du
dφ
)2 =
1
D2
− Fu2 + (D
2A
3
)Fu5 (5.7)
for vertial polarization, and
0 = G2µνkµkν
⇒ (du
dφ
)2 =
1
D2
− Fu2 − (D
2A
3
)Fu5 (5.8)
for planar polarization. These are idential to the equations we derived in
Se. 4.2.2.
1
In both the metri, G2µν , and vetor, a
µ
2 , we have made the substitution r → 1/u and
du
dφ
= − 1
D
√
1−D2Fu2
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Radial Geodesis
We an now show that the metri for vertial polarization is onsistent with
the fat that radially projeted photon trajetories are not modied. By
using the vertial polarization metri, (5.4), and a general radial wave vetor,
(kµ = (t˙, r˙, 0, 0), we nd:
0 = G1µνkµkν
⇒ dt
dr
= ± 1
F
(5.9)
whih is idential to the lassi radial geodesi equation, (2.30). However,
the same is not true for the planar polarization metri. Due to our deriva-
tion of the polarization vetors in Se. 4.2.1, we onstruted a very general
vertial polarization vetor and then normalized it; however, the one for pla-
nar polarization was onstruted for the ase where
dφ
dτ
6= 0, as an be seen
in Eqns. (4.60) and (4.76); therefore the planar polarization vetor has φ
dependene "mixed" into it through the substitution of φ˙:
(
dr
dτ
)2 = F 2(
dt
dτ
)2 − r2F (dφ
dτ
)2
= (E2 − J
2F
r2
)
1
2 = E(1− D
2F
r2
)
1
2
(5.10)
We an note that it's a result of the substitution
dφ
dτ
= J
r2
, in the polarization
vetors, that we aquire an extra parameter D in our quantum orretion
(apart from the one introdued through normalization, whih was inorpo-
rated into B = AD2/9). We an then say that if we need to use the metri
for a radial trajetory with
dφ
dτ
= 0 we an just set D = 0, as this would
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lead to the removal of the φ dependene. In this way, the planar polarized
quantum modied metri for radial trajetories is:
G(φ=0)2µν =


F +BFu3 0 0 0
0 − 1
F
− Bu3
F
0 0
0 0 − 1
u2
0
0 0 0 0

 (5.11)
Then applying this to a general radial wavevetor, we again nd the lassi
radial geodesi equation:
0 = G(φ=0)2µνkµkν
⇒ dt
dr
= ± 1
F
(5.12)
Therefore, we have metris for the Shwarzshild spae time that inorpo-
rate quantum orretions due to vauum polarization; and these metris are
onsistent with lassi results.
Chapter 6
Summary
For Shwarzshild Spaetime we showed, in the orthonormal frame, that,
due to quantum orretions, the stable irular orbit at u0 = 1/3M splits
depending on the polarization of the photon, and the new modied irular
orbits are given by the lassial orbit plus a orretion term to rst order in a
dimensionless onstant A: u = u0+Au1, where A =
24cαE2k
J2m2e
and has an order of
10−32. As stated by the polarization sum rule this splitting of the ritial orbit
is equal in magnitude but opposite in sign for the two polarizations. We found
that the vertially polarized photon (>1) is pushed out by a orretion of
u1 = −M6 u20, while the planar polarized photon is pulled in by a orretion of
u1 =
M
6
u20. It was also found that this orbit shift also requires an appropriate
modiation of the lassi impat parameter
1
D2
0
=
u2
0
3
. This modiation,
for the quantum orreted orbits, took the form
1
D2
= 1
D2
0
+ AD1, and again
as for the orbit shift, the hange was equal in magnitude but opposite in
sign for the two polarizations: D1 =
Mu3
0
3
for planar polarization and D1 =
−Mu30
3
for vertial polarization. Using this information, for the splitting of
irular orbits, we then onstruted the quantum orreted general equations
of motion for the Shwarzshild spaetime. Using these equation of motion
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it was shown that a photon starting at u = 0, with the appropriate ritial
impat parameter, tends to the ritial orbit assoiated with that impat
parameter - and the trajetory follows a similar path to the lassi ase.
We then went on to show that, using the general quantum orreted equa-
tions of motion, a photon projeted towards the blak hole with an impat
parameter less than the ritial value falls into the the singularity, in terms
of the angular distane (φ). Although the photons follow a lassi type path
into the singularity, the trajetories are slightly shifted aording to polar-
ization. The planar polarized photon rosses the horizon before the lassi
trajetory, and the vertially polarized one rosses it after, this orresponds
to the fat that planar polarized photons are pulled towards the blak hole
and vertially polarized ones are pushed away, hene the vertially polarized
ones need to go a further angular distane to reah the event horizon.
In terms of oordinate time (t) we found that the photon trajetories
tend to the event horizon. Therefore, the quantum orretions do not shift
the lassi event horizon from u = 1
2M
, whih orresponds to the horizon
theorem. Also, we found that, although the quantum orreted orbits follow
a lassi type path to the event horizon, the point at whih they hit the
horizon is, again, slightly shifted depending on polarization. However, this
time both polarizations hit the horizon before the lassi trajetory. The
planar polarized photon tends to arrive at the horizon rst, then the vertially
polarized one, and nally the lassi photon. This ould orrespond to the
fat that the planar polarized photon, although it has a veloity lower than
the speed of light, has less of a distane to go, as its trajetory is pulled
towards the blak hole. For the vertially polarized ase, even though it has
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a faster than light veloity, it has a further distane to go to reah the horizon
as its trajetory is pushed away from the blak hole.
Having determined the equations of motion, with the quantum orretion,
we then went on to onstrut a Shwarzshild metri that inorporates the
quantum orretion: Gµν = (gµν + gµν), where the orretion: gµν was again
rst order in A. We showed that with this metri and a general photon
wave vetor, kµ, we obtain the quantum modied equations of motion, as
before. Also, this new metri onrms the horizon theorem, that is, when
we use a wave vetor indiating a radially projeted photon we obtain the
lassi equation of motions. This was ne for vertial polarization, however,
in the planar polarization ase we had a problem; we had previously used
a substitution that mixed a "hidden" radial angle, φ, into our polarization
vetor (as in general orbits the planar polarization depends on φ). By traing
bak to the origin of this substitution we found that, in order to study radial
trajetories, we need to set D = 0, this then removes the φ dependeny;
this then gives us the lassi equation of motion for planar polarized radially
projeted photons.
So in onlusion, after studying the dynamis of null trajetories in Shwarzshild
spaetime we derived the polarization dependent photon trajetories to rst
order in the onstant A (whih is dependent on the ne struture onstant,
the mass of the star, mass of the eletron, and the energy of the photon). We
then inorporated these modiation into a general quantum modied metri,
whih ould also be used to derive the general quantum modied equations
of motion. Also, the results of this work oinide with the onditions of the
horizon theorem and the polarization sum rule.
Appendix A
Shwarzshild Spaetime
The 'Shwarzshild geometry' desribes a spherially symmetri spaetime
outside a star, and its properties are determined by one parameter, the mass
M. The Shwarzshild metri, in spherial polar oordinates, takes the form:
gµν =


F 0 0 0
0 −F−1 0 0
0 0 −r2 0
0 0 0 −r2 sin(θ)

 (A.1)
This type of spaetime geometry is said to be stati, due to the fat that (i) all
metri omponents are independent of t, and (ii) the geometry is unhanged
by time reversal, t→ −t1.
A.1 Geodesi Equations
The equations of motion in Shwarzshild spaetime an be derived by using
the ovariant form of Newton's seond law of motion,
F µ =
Dpµ
Dτ
=
dpµ
dτ
+ Γµνρ
dxν
dτ
pρ (A.2)
1
A spae time with property (i) but not neessarily (ii) is said to be stationary i.e. a
rotating star/blak hole
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where we have pµ = mdx
µ
dτ
, and for free fall we have F µ = 0, then the
equations of motion are:
0 =
d2xµ
dτ 2
+ Γµνρ
dxν
dτ
dxρ
dτ
(A.3)
Now, using this and the appropriate Christoels we are able to determine the
equations of motion. Alternatively, by using the Shwarzshild Lagrangian
L =
1
2
[(1− 2M
r
)d˙t
2 − (1− 2M
r
)−1d˙r
2 − r2d˙θ2 − (r2 sin2 θ)d˙φ2] (A.4)
we nd
∂L
∂t
= 0
∂L
∂t˙
= (1− 2M
r
)t˙
d
dλ
∂L
∂t˙
= (1− 2M
r
)t¨+
2M
r2
r˙t˙
(A.5)
∂L
∂r
=
M
r2
t˙2 +
M
r
2
(1− 2M
r
)−2r˙2 − rθ˙2 − rφ˙2 sin2 θ
∂L
∂r˙
= −(1− 2M
r
)−1r˙
d
dλ
∂L
∂r˙
= −(1− 2M
r
)−1r¨ +
2M
r2
(1− 2M
r
)−2r˙r˙
(A.6)
∂L
∂θ
= −r2 sin θ cos θφ˙2 ∂L
∂θ˙
= −r2θ˙
d
dλ
∂L
∂θ˙
= −2rr˙θ˙ − r2θ¨
(A.7)
∂L
∂φ
= 0
∂L
∂φ˙
= −r2 sin2 θφ˙2
d
dλ
∂L
∂φ˙
= −2rr˙ sin2 θφ˙− 2r2 sin θ cos θφ˙− r2 sin2 θφ¨
(A.8)
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and substituting into the Euler equation
∂L
∂xµ
− d
dλ
∂L
∂x˙µ
= 0 (A.9)
we have the equations of motion for Shwarzshild spaetime
0 = (1− 2M
r
)t¨+
2M
r2
r˙t˙ = 0 (A.10)
0 =
M
r2
t˙2 − rθ˙2 − rφ˙2 sin2 θ + (1− 2M
r
)−1r¨
− M
r2
(1− 2M
r
)−2r˙2 (A.11)
0 = −r2 sin θ cos θφ˙2 + 2rr˙θ˙ + r2θ¨ (A.12)
0 = 2rr˙ sin2 θφ˙+ 2r2 sin θ cos θφ˙+ r2 sin2 θφ¨ (A.13)
A.2 Riemann Components in the Orthonormal
Frame
The spaetime line interval, Eqn. (1.11), an be rewritten using tetrad trans-
formations (disussed in the next setion):
ωt = (1− 2M
r
)
1
2dt ωr = (1− 2M
r
)−
1
2dr ωθ = rdθ ωφ = r sin(θ)dφ
(A.14)
as
ds2 = (ωt)2 − (ωr)2 − (ωθ)2 − (ωφ)2 (A.15)
This now has the Minkowski metri
gµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 (A.16)
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Noting that the metri an be written as:
dgµν = ωµν + ωνµ (A.17)
and using the fat that:
dgµν =
∂gµν
∂xα
dxα = 0 (A.18)
we then have[2℄:
ωµν = −ωνµ (A.19)
whih implies ω is antisymmetri, i.e. it has only six unique omponents and
ωµν = 0 for µ = ν; and we have the onditions:
ω0i = ω
i
0 ω
i
j = −ωji (A.20)
We an now write the exterior derivatives
2
of ωµ
dωt =
1
2
(1− 2M
r
)−
1
2 (
2M
r2
)dr ∧ dt
=
M
r2
(1− 2M
r
)−
1
2ωr ∧ ωt (A.21)
dωr = 0 (A.22)
dωθ = dr ∧ dθ = 1
r
(1− 2M
r
)
1
2ωr ∧ ωθ (A.23)
dωφ = sin(θ)dr ∧ dφ+ r cos(φ)dθ ∧ dφ
=
1
r
(1− 2M
r
)
1
2ωr ∧ ωφ + cot(θ)
r
ωθ ∧ ωφ (A.24)
Now, using Cartan's equation
dωµ = ωα ∧ ωµα + Ωµ (A.25)
2
The exterior derivative: d = dxµ ∂
∂xµ
ating on a 1-form Aν = A(x)dxν gives dAν =
dxµ ∧ dxν ∂A(x)
∂xµ
, where dxµ ∧ dxν = 0 for µ = ν
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with zero torsion (Ωµ = 0), we an write
dωt = ωr ∧ ωtr + ωθ ∧ ωtθ + ωφ ∧ ωtφ (A.26)
dωr = ωt ∧ ωrt + ωθ ∧ ωrθ + ωφ ∧ ωrφ (A.27)
dωθ = ωt ∧ ωθt + ωr ∧ ωθr + ωφ ∧ ωθφ (A.28)
dωφ = ωt ∧ ωφt + ωr ∧ ωφr + ωθ ∧ ωφθ (A.29)
Comparing Eqns. (A.21)-(A.24) with Eqns. (A.26)-(A.29) we nd the six
unique omponents of ωµν as
ωtr =
M
r2
(1− 2M
r
)−
1
2ωt =
M
r2
dt = ωrt (A.30)
ωθr =
1
r
(1− 2M
r
)
1
2ωθ = (1− 2M
r
)
1
2dθ = −ωrθ (A.31)
ωφr =
1
r
(1− 2M
r
)
1
2ωφ = sin(θ)(1− 2M
r
)
1
2dφ = −ωrφ (A.32)
ωφθ =
cot(θ)
r
ωφ = cos(θ)dφ = −ωθφ (A.33)
ωθt = ω
t
θ = 0 (A.34)
ωφt = ω
t
φ = 0 (A.35)
Now, using:
Rµν = dω
µ
ν + ω
µ
α ∧ ωαν (A.36)
we an write the six independent omponents of the Riemann tensor:
Rtr = dω
t
r + ω
t
α ∧ ωαr = dωtr + ωtθ ∧ ωθr + ωtφ ∧ ωφr
= −2M
r3
dr ∧ dt = −2M
r3
ωr ∧ ωt
⇒ Rtrrt = Rtrrt = −
2M
r3
(A.37)
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Rθr = dω
θ
r + ω
θ
α ∧ ωαr = dωθr + ωθt ∧ ωtr + ωθφ ∧ ωφr
=
1
2
(1− 2M
r
)−
1
2
2M
r2
dr ∧ dθ = M
r3
ωr ∧ ωθ
⇒ Rθrrθ = −Rθrrθ =
M
r3
(A.38)
Rφr = dω
φ
r + ω
φ
α ∧ ωαr = dωφr + ωφt ∧ ωtr + ωφθ ∧ ωθr
= cos(θ)(1− 2M
r
)
1
2dθ ∧ dφ+ sin(θ)M
r2
(1− 2M
r
)−
1
2dr ∧ dφ
+ cos(θ)(1− 2M
r
)12dφ ∧ dθ
=
cot(θ)
r2
(1− 2M
r
)
1
2ωθ ∧ ωφ + M
r3
ωr ∧ ωφ
+
cot(θ)
r2
(1− 2M
r
)
1
2ωφ ∧ ωθ = M
r3
ωr ∧ ωφ
⇒ Rφrrφ = −Rφrrφ =
M
r3
(A.39)
Rφθ = dω
φ
θ + ω
φ
α ∧ ωαθ = dωφθ + ωφt ∧ ωtθ + ωφr ∧ ωrθ
= − sin(θ)dθ ∧ dφ− sin(θ)(1− 2M
r
)dφ ∧ dθ
= − 1
r2
ωθ ∧ ωφ + 1
r2
(1− 2M
r
)ωθ ∧ ωφ = −2M
r3
ωθ ∧ ωφ
⇒ Rφθθφ = −Rφθθφ = −
2M
r3
(A.40)
Rθt = dω
θ
t + ω
θ
α ∧ ωαt = dωθt + ωθr ∧ ωrt + ωθφ ∧ ωφt
=
M
r2
(1− 2M
r
)
1
2dθ ∧ dt = M
r3
ωθ ∧ ωt
⇒ Rθtθt = −Rθtθt =
M
r3
(A.41)
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Rφt = dω
φ
t + ω
φ
α ∧ ωαt = dωφt + ωφr ∧ ωrt + ωφθ ∧ ωθt
=
M
r2
(1− 2M
r
)
1
2 sin(θ)dθ ∧ dt = M
r3
ωφ ∧ ωt
⇒ Rφtφt = −Rφtφt =
M
r3
(A.42)
A.3 Tetrad Transformation
In Eqn. (A.14) we transformed from the oordinate frame to an orthonormal
frame. This is ahieved by using the tetrad of the form:
eaµ =


F
1
2 0 0 0
0 F−
1
2 0 0
0 0 r 0
0 0 0 r sin(θ)

 (A.43)
This takes a 4-vetor, given in the oordinate frame, and maps it to the
equivalent in the orthonormal frame. We an then determine the inverse
tetrad, i.e. a tetrad that takes vetors in the orthonormal frame and maps
them to the oordinate frame. We nd this by using the inverse of (A.43),
(e−1)µa =


F−
1
2 0 0 0
0 F
1
2 0 0
0 0 1
r
0
0 0 0 1
r sin(θ)

 , (A.44)
whih has the property:
eaµ(e
−1)µb = δ
a
b (A.45)
Therefore, (A.44) takes vetors in the orthonormal frame and maps them to
the oordinate frame.
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A.4 Riemann Components in the Coordinate
Frame
In Se. A.2 the unique omponents of the Riemann tensor were alulated
in the orthonormal frame. In order to determine the omponents in the
oordinate basis we will use the transformation tetrad given in Eqn. A.44.
Before we an us the tetrad, (A.44), we need to adjust it so it is able to take
ovetors in the orthonormal frame, rather than vetors:
(e−1)µagµνη
ab = (e−1)bν =


F
1
2 0 0 0
0 F−
1
2 0 0
0 0 r 0
0 0 0 r

 , (A.46)
whih is just Eqn. (A.43). Then using this we have:
⇒ Aµ(oordinate frame) = (e−1)aµAa(orthonormal frame)
Now using this tetrad we an transform the orthonormal Riemann tensor
omponents as:
Rµναβ = (e
−1)aµ(e
−1)bν(e
−1)cα(e
−1)dβRabcd
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Now using the omponents given in Se. A.2 we have:
R′trrt = (e
−1)tt(e
−1)rr(e
−1)rr(e
−1)ttRtrrt = F
1
2F−
1
2F−
1
2F
1
2 (−2M
r3
) = −2M
r3
R′θrrθ = (e
−1)θθ(e
−1)rr(e
−1)rr(e
−1)θθRθrrθ = rF
− 1
2F−
1
2 r(−M
r3
) = −MF
−1
r
R′φrrφ = (e
−1)φφ(e
−1)rr(e
−1)rr(e
−1)φφRφrrφ = rF
− 1
2F−
1
2 r(−M
r3
) = −MF
−1
r
R′φθθφ = (e
−1)φφ(e
−1)θθ(e
−1)θθ(e
−1)φφRφθθφ = rrrr(
2M
r3
) = 2Mr
R′θtθt = (e
−1)θθ(e
−1)tt(e
−1)θθ(e
−1)ttRθtθt = rF
1
2 rF
1
2 (−M
r3
) = −MF
r
R′φtφt = (e
−1)φφ(e
−1)tt(e
−1)φφ(e
−1)ttRφtφt = rF
1
2 rF
1
2 (−M
r3
) = −MF
r
(A.47)
Therefore, the Riemann tensor omponents in the oordinate frame are given
as:
R′trrt = −
2M
r3
R′θrrθ = −
MF−1
r
R′φrrφ = −
MF−1
r
R′φθθφ = 2Mr R
′
θtθt = −
MF
r
R′φtφt = −
MF
r
(A.48)
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